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PRAEFATIO

Quaestiones, quae ad mathematicae fundamenta pertinent, etsi
hisce temporibus a multis tractatae, satisfacienti solutione et adhuc
carent. Hic difficultas maxime ex sermonis ambiguitate oritur.

Quare summi interest verba ipsa, quibus utimur attente per-
pendere. Hoc examen mihi proposui, atque mei studii resultatus,
et arithmeticae applicationes in hoc seripto expono.

Ideas omnes quae in arithmeticae principiis occurrunt, signis
indicavi, ita ut quaelibet propositio his tantum signis enuncietur.

Signa aut ad logicam pertinent, aut proprie ad arithmeticam.
Logicae signa quae hic occurrunt, sunt numero ad decem, quamvis
non omnia necessaria. Horum signorum usus et proprietates non-
nullae in priore parte communi sermone explicantur. Ipsorum
theoriam fusius hic exponere nolui. Arithmeticae signa, ubi oc-
currunt, explicantur.

His notationibus quaelibet propositio formam assumit atque
praecisionem, qua in algebra aequationes gaudent, et a proposi-
tionibus ita scriptis aliae deducuntur, idque processis qui aequa-
tionum resolutioni assimilantur. Hoc eaput totius seripti.

Sique, confectis signis quibus arithmeticae propositiones scribere
possim, in earum tractatione usus sum methodo, quam quia et
in aliis studiis sequenda foret, breviter exponam.

Ex arithmeticae signis quae caeteris, una cum logicae signis
exprimere licet, ideas significant quas deflnire possumus. Ita
omnia definivi signa, si quatuor excipias, quae in explicationibns
§ 1 continentur. Si, ut pnto, baec ulterius reduci nequeunt, ideas

ipsis expressas, ideis quae priusnotae supponuntur, definire non licet.
]
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Propositiones, quae logicae operationibus a caeteris deducuntur,
sunt theoremata ; quae vero non, axiomata vocavi. Axiomata
hic sunt novem (§ 1), et signorum, quae definitione carent, pro-
prietates fundamentales exprimunt.

In § 1-6 numerorum proprietates communes demonstravi; bre-
vitatis causa, demonstrationes praecedentibus similes omisi; de-
monstrationum communem formam immutare oportet ut logicae
signis exprimantur; haec transformatio interdum difficilior est,
tamen inde demonstrationis natura clarissime patet.

In sequentibus § varia tractavi, ut huius methodi potentia magis
videatur.

In § 7 nonnulla theoremata, quae ad numerorum theoriam
pertinent, continentur. In § 8 et 9 rationalium et irrationalium
definitiones inveniuntur.

Denique, in § 10, theoremata exposui nonnulla, quae nova
esse puto, ad entium theoriam pertinentia, quae cl.™ CaNToR
Punktmenge (ensemble de points) vocavit.

In hoc scripto aliorum studiis usus sum. Logicae notationes et
propositiones quae in num. II, III et IV continentur, si nonnullas
excipias, ad multorum opera, inter quae BooLE praecipue, refe-

renda sunt ().

(*) BooLe: The mathematical analysis of logic, ete. Cambridge, 1847.
—  The caleulus of logic. Camb. and Dublin Math. Journal, 1848.
—  An investigation of the laws of thought, etc. London, 1854.
E. Scertper: Der Operationskreis des Logskkalculs, Leipzig, 1877.
Ipse iam nonnalla quae ad logicam pertinent tractavit in praecedenti opera.
— Lehrbuch der Arithmetik und Algebra, etc. Leipzig, 1878.
Boole e Schrader theorias brevissime exposui in meo libro Calcolo geometrico etc.
Torino, 1888.
Vide:
C. S. Peircg, On the Algebra of logic; American Journal, IIT, 15; VII, 180.
Jevons. The principles of science. London, 1888.
Mo.CoLr. The caleulus of equivalent statements. Proceedings of the London
Math. Society, 1878. Vol. IX, 9. Vol X, 16.
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Signum €, quod cum signo O confundere non licet, inversionis
in logica applicationes, et paucas alias institui conventiones, ut
ad exprimendam quamlibet propositionem pervenirem. .

In arithmeticae demonstrationibus usus sum libro: H. GRrass-
MANN, Lchrbuch der Arithmetik, Berlin 1861.

Utilius quoque mihi fuit recens scriptum: R. Depexino, Was
8ind und was sollen die Zahlen,; Braunschweig, 1888, in quo
quaestiones, quae ad numerorum fundamenta pertinent, acute exa-
minantur.

Hic meus libellus ut novae methodi specimen habendus est.
Hisce notationibus innumeras alias propositiones, ut quae ad ra-
tionales et irrationales pertinent, enunciare et demonstrare pos-
sumus. Sed, ut aliae theoriae tractentur, nova signa, quae nova
indicant entia, instituere necesse est. Puto vero his tantum lo-
gicae signis propositiones cuiuslibet scientiae exprimi posse, dum-
modo adiungantur signa quae entia huius scientiae representant.
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SIGNORUM TABULA

Loaicar siana

Significatio
propositio vII
classis x
et v, X
vel vii, X, XI
non v, x

absurdum aut nthil i, x1
deducitur aut continetur vii, X1

est aequalis vin
est X
inversionis signum Xt
qui vel [e] X
Theorema XVI
Hypothesis

Thesis

Logica

I’ag.'

ARTTHMETICAE SIGNA

Signa 1, 2, .y =, >, <, 41 — X
vulgarem habent significationem. Di-
visionis signum est /.

Signum

N
R
Q

AaQonas

SiaNA composITA

-<  non est minor

Significatio Pag.
numerus integer positious 1
num. rationalis positious 12

quantitas, sive numerus rea-

Iis positivus 16
numerus prinmus 9
maximus 6
minimus 6

terminus, vel limes summus 15

dividit 9
est multiplex 9
est primus cum 9

=u> est aequalis aut maior

3D divisor

M3D maximus divisor




Logicae notationes.

I. De punctuatione.

Litteris a, b,... 2, u,... £' ... entia indicamus indeterminata quae-
cumque. Entia vero determinata signis, sive litteris P, K, N,... in-
dicamus. '

Signa plerumque in eadem linea scribemus. Ut ordo pateat
quo ea coniungere oporteat, parenlhesibus ut in algebra, sive
punctis . : . :: ete. utimur.

Ut formula punctis divisa, intelligatur, primum signa quae nullo
puncto separantur colligenda sunt, postea quae uno puncto, deinde
quae duobus punctis, etc.

Ex. g. sint a, b, c,.. signa quaecumque. Tunc ab.cd significat
(ab) (cd); et ab.cd:ef.gh . k significat (((ad) (ca))((ef) (gh)))k.

Punctuationis signa omittere licet si formulae quae diversa pun-
ctuatione existerent eundem habeant sensum; vel si una tantum
formula, et ipsa quam scribere volumus, sensum habeat.

Ut ambiguitatis periculum absit, aritmeticae operationum signis . :
nunquam utimur. '

Parenthesum figura una est ( ); si in eadem formula, parentheses
et puncta occurrant, primum quae parenthesibus continentur, col-
ligantur.

II. De propositionibus.

Signo P significatur propositio.

Signum ~ legitur ef. Sint a, b, propositiones; tunc a~b est si-
multanea affirmatio propositionum a , b. Brevitatis causa, locoa ~ b
vulgo scribemus a b.
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Signum — legitur non. Sit o quaedam P; tunc — @ est negatio pro-
positionis a. :

Signum v legitur vel. Sint a, b propositiones; tunc @ v b idem est
ac —:=a.-b.

[Signo V significatur verwum, sive #dentitas; sed hoc signo nun-
quam utimur]. :

Signum A significat falsum, sive absurdum.

[Signum C significat est consequentia; ita b C a legitur b est con-
sequentia propositionis a. Sed hoc signo nunquam utimur].

Signum ©p significat deducitur; ita a D b idem significat quod
b C a. Si propositiones a, b entia indeterminata continent , y,..., sci-
licet sunt inter ipsa entia conditiones, tunc @ Ds,y,.. b significat:
quaecumque sunt a, y,..., a propositione a deducitur . Si vero am-
biguitatis periculum absit, loco D, y..., Scribemus solum ».

Signum — significat est aequalis. Sint a, b propositiones; tunc
a=1» idem significat quod anb. b a; propositio @ = 4, y,...b idem
significat quod @D, y,... b. b Da, y,... Q- '

III. Logicae propositiones.

Sint a, b, c,... propositiones. Tunc erit:

1. ana.

2. anb.bpc:p:apnec.
3. a=b.=:apb.bnpa.
4. a=a.

5. a=b.=.b=a.

6. a=b.bpc:p.anc.
7. anb.b=c:p.anc.
8. a=b.b=c:p.a=c.
9. a=b.np.anb.

10. a=b.p.bna.

11. abna.

12. ab =ba.

13. a (bc) = (ab) c = abc. |




14.
15.
16.
17.
18.
19.

20.

— X -

aa=a.
a=b.p.ac="c.
anb.n.acpbe.
apb.cnd:n.acnbd.’
anb.anc:=.anbc.
a=b.c=d:p.ac=bd.
—-(=a)=a.
a=b.—=.—=a=-D.
anpb.=.=bp=-a.

avh.=. . =:=qg.=b.
—(ab)y=(=a)v(=0h).
—(@vb)=(=a)(=Dh).
an.avb.

avb=>buvua.
av(uc)=(avl)vc=avbuc
ava=a. ‘
a(bvc)=abvac.
a=b.p.avc=buc.
anb.np.avecpbuc.
apb.cpd:p:avec.n.buad.
bnpa.cpa:=.bvcna.

a—a=—A\.
apA=A.

aAvpA=a.
ADA-=.a=A.
anb.=.a=0=A\.

ADa.

avb=pA.=:@a=A .b=A.

.

an.bpec:=:abnc.
an.b=c:=.ab=ac.



Sit @ quoddam relationis signum (ex. gr. =, D), ita ut aa b sit

quaedam propositio. Tunc loco — . @ a b scribemus a — a b; seilicet:
G==b.=.:=.a=hb.
a=nb.=:=.anb.

Ita signum — = significat non est aegualis. Si propositio @ inde-
terminatum continet @, @ — =y A significat: sunt & quae conditioni
a satisfaciunt. Signum —p significat non deducitur.

Similiter, si a et B sunt relationis signa, loco aab.aBb, et aa
b.v.aBb scribere possumus ¢.af.beta.avfB.b. Ita, sia et b
sunt propositiones, formula @ .p—=.06 dicit: ab @ deducitur b, sed
non vice versa.

a.)—=.b:=:anb.b=na.

Formulae:

anb.bpc.a=Dnc:=A\.
a=b.b=c.a—==C:=A\.
anb.bp—-=c:p.anp—=c.
ap=—=>b.bpc:p.ap—-=c.

Sed his notationibus raro utimur.

IV. De classibus.

Signo K significatur classés, sive entium aggregatio.

Signum e significat est. Ita a € b legitur a est quoddam b; a e K
significat a est quaedam classis; a P significat a est quaedam
propositio. ’

Loco —(a €b) scribemus a — € b; signum — € significat non est;
scilicet :

44. a—¢cb.—=:=.aebh.
Signum a, b, c € m significat: a, b et ¢ sunt m ; scilicet :
45, a,bcem.=:aem.bem.cem.

Sit a classis; tunc —a significatur classis individuis constituta
quae non sunt a.
46. aeK.p:xe—a.=.x—c¢ca.

Sint a,bclasses; @ n b, sive a b, est classis individuis constituta
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quae eodem tempore sunt. @ et b; a v b est classis individuis con-
stituta qui sunt a vel b.

47, a,beK.np . xe.ab:=:xeca.xeb.

48. a,beK.p .xe.avb:=:wea.v .xeb.

Signum A indicat classem quae nullum continet individuum. Ita:
49. aeK.pra=mpA:=:ea.=z A.

[Signo V, quod classem ex omnibus individuis constitutam, de
quibus quaestio est, indicat, non utimur).

Signum p significat continetur. Ita ap b significat classis a con-
tinetur in classi b. ’

50. a,beK.p.apb:=:x€a.Du.w€b.

[Formula b Ca significare potest classis b conlénet classem a;
at signo C non utimur].

Hic signa A et p signifieationem habent quae paullo a praecedenti
differt; sed nulla orietur ambiguitas. Nam si de propositionibus
agatur, haec signa legantur absurdum et deducitur; si vero de
classibus, n#hil et continetur.

Formula a =0, si a et b sint classes, significat D b . D a. Itaque
51. a,beK.D.a=b:=:wea.=».xeb.

Propositiones 1... 41 quoque subsistunt, si a,b... classes indicant;
praeterea est:

52. aeb.n.bekK.

53. aeb.p.b —=\.
54. aeb.b=c:p.aec.
55. aeb.bnc:p.aec.

Sit s classis, et & classis quae in § contineatur; tunc dicimus &
esse individuum classis s, si ¥ ex uno fantum constat individuo.
Itaque:

56. seK.Rnps:pukes. = . B==A:&,Y€k.Day.T=Y.

V. De tnversione.

Inversionis signum est [ ], eiusque usum in sequenti numero ex-
plicabimus. Hic tantum casus particulares exponimus.



i. Sit a propositio, indeterminatum continens x; tunc scriptura
[«] € a, quae legitur ea x quibus a, sive solutiones, vel radices con-
ditionis @, classem significat individuis constitutam, quae conditioni @
satisfaciunt. Itaque: )

57.. aeP.p:[ze]la.eK.
58. aeK.p..[ve].vea:=a.
59. aeP.p..ze.[ze]la:=a.

Sint «, B, propositiones indeterminatum continentes a; erit:

60. [@ €] (a B)=([x €] ) ([ €] B).
61. [xe]—a==[z¢€]a.

62. [xe](avB)=[ve]av[xe]B.
63. aDsB.=.[xe]lap|xe]p.
64. a=uB.=.[xe]la=[we]B.

2. Sint @,y entia quaecumque; systema ex ente 2 et ex ente y
compositum ut novum ens consideramus, et signo (@, y) indicamus;
similiterque si entium numerus maior fit. Sit a propositio indeter-
minata continens @, y; tunc [(2, y) €] asignificat classem entibus (z,y)
constitutam, quae conditioni a satisfaciunt. Erit:

65. oD yB.=.[@ y)e]aD[(x v)¢e]B.
66. [(@y)ela==p.=".[ve].[ve]a==A:==]).

3. Sit @ a y relatio inter indeterminata « et y (ex. g. in logica
relationesx =y, x — =y, £ py; in arithmetica & <y, & > y, etc).
Tunc signo [€ a] y ea « indicamus, quae relationi & « y satisfaciunt.
Commoditatis causa, loco [€], signo 3 utimur. Ita 3ay.=:[x€].
xay, et signum 3 legitur qu?, vel quae. Ex. gr. sit y numerus;
tunc 3 <y classem indicat numeris # compositam qui conditioni
x < y satisfaciunt, scilicet, qui sunt minores y, vel simpliciter
minores y. Similiter, quum signum D significet dévidil, vel est d¢-
visor, formula 3D significat qui¢ déividunt vel divisores. Deducitur
zelay=way.

4. Sit a formula indeterminatum continens . Tunc scriptura
' [] a, quae legitur @' loco x in a substituto, formulam indicat
quae obtinetur si in a, loco &, &’ legimus. Deducitur z [#] a =a.

5. Sit a formula, quae indeterminata x, y,... continet. Tunc

(@, ¥'s) [, ¥yene] @,




— XIII —

quae legitur &' ¢/,... loco x,y,... in a substitutis, formulam indicat
quae obtinetur si in a loco z, ¥,..., litterae ' ¢/',... scribantur. Dedu-
citur (x,¥) [x,y]a=a.

VI. De functionibus.

Logicae notationes quae praecedunt exprimendae cuilibet arithme-
ticae propositioni sufficiunt, iisdemque tantum utimur. Hic nota-
tiones alias nonnullas breviter explicamus, quae utiles fieri possunt.

Sit s quaedam classis; supponimus aequalitatem inter entia syste-
mat® s definitam, quae conditionibus satisfaciat:

a=a.
a=b.=.b=a.
a=b.b=c:p.a=c.

Sit ¢ signum, sive signorum aggregatus, ita ut si @ est ens
classis s, scriptura @ « novum indicet ens; supponimus quoque
aequalitatem inter entia ¢ & definitam; et si & et y sunt entia
classis s, et est # =y, supponimus deduci posse p =@ y. Tunc
signum @ dicitur esse functionis praesignum in classi s, et scri-
bemus @3 F‘s.

seK.D:i@eF's. = .0, Y€e8. =Y D,y . PX =0 Y.

Verum si, cum sit # quodlibet ens classis s, scriptura @ novum
indicet ens, et, ex x =y deducitur @@ =y, tunc dicimus ¢ esse
functionts postsignum in classt s et scribemus @ € s'F.

SeEK.D::Qes’F. =2, Y€S. T=Y:Dz,y . TQ=1Y0Q.

Exempla. Sit @ numerus; tunc a | est functionis praesignum in
numerorum classe, et -} @ est functionis postsignum ; quicumque enim
est numerus , formulae a 4 x et « 4+ a novos indicant numeros,
et ex x =y deducitur a}r=a-+y, et « +a=y-+}a. Itaque

aeN.p:a+}.e.F'N.
aeN.p:+a.e.N'F.

Sit @ functionis praesignum in classe s. Tunc [@] y classem signi-
ficat iis 2 constitutam, quae conditioni ¢ & = y satisfaciunt; scilicet :
Def. seK.peFs:p:|oly.=.[ze] (pa=y).
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Classis {p] ¥ vel unum wvel plura, vel etiam nullum individuum
continere potest. Erit:

seK.peF's:p:y=0pa.=.xc[oly.

Si vero @y uno tantum constat individuo, erit y=ox.=.2
=[o]v.

Sit @ functionis postsignum; similiter ponimus:

seK.9es'F:p ylo|=|ze|(@wo=1)

Signum | ] dicitur nversionts signum, eiusque usus nonnullos
in logica jam exposuimus. Nam si a est propositio indeterminatam
continens @, atque a est classis individuis o composita quae eon-
ditioni a satisfaciunt, erit zea.=a, tunc a=[xe]a, utin V,1.

Sit a formula indeterminatum continens a, sitque @ functionis
praesignum, quod litterae @ praepositum, formulam o gignat; sci-
licet sit a =@ @; tunc erit ¢ =a[«], et si 2’ est novum ens, erit
o »' = o [@} &', scilicet, si a est formula indeterminatum continens «,
tunc a (] o significat id quod obtinetur si in a, loco », o’ po-
natur. '

Similiter, sit a formula indeterminatum continens z, sitque @ fun-
ctionis postsignum, utz @ = a; deducitur ¢ ={w]a; tunc, si a’ est
novum ens, erit @’ @ =o' [] q, scilicet 2’ [#] « rursum indieat id
quod obtinetur si in a, loco z, &' legatur, ut in V,4.

‘Alios quogque usus in logica signum [ | habere potest, quos bre-
viter esponimus, quum ipsis non utamur. Sint a et b duae classes;
tunc [@n ]b sive b[ ~ a] classes indicat o, quae eonditioni b =a ~ a,
sive b = » a satisfaciunt. Si b in a non continetur, nulla classis
huic conditioni satisfacit; si b in @ continetur, signum [ » a} omaes
indicat classes quae b continent atque in b v —a continentur.

{n Arithmetica, sint a, b numeri; tunc [» 4} a] sive {a 4] b nu-
merum indicat @, qui conditionf b =x 4 a, sive b=—a 4 x sa-
tisfacit, nempe b — a. Similiter erit b {X a] = [a X] b =bja. Et in
analysi hoc signum usuvenire potest; itaque

y=sinw.=.ze[sin]y (loco = arcsin y).

dF(v) = f(x)dxr.=.F (x)e[d] f(x) dw ﬂocoF(a:)-_—.‘}f(w)dx).

Sit rursum ¢ funetionis praesignum in classi s, sitque % classis
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in & contenta; tune @ k classem indicat omnibus @ & compositam, ubi
« sunt entia classis &; scilicet
Def. seK.ReK.kDs.@eFs:D.oh=[ye|(k.[p]ly:==4).
Sive seK.ReK.kDs.peF‘s:D.oh==[ye]([®we]:xeck.0u
=y J.=—=A). :
Def. seK.keK.xps.@es'F:D.ko=[ye|k.¥[0]:==27)
Itaque, si @& F‘s, tune @ & classem indicat omnibus @ & consti-
tutam, ubi « sint entia classis s. Erit:
seK.9eF's.yeps:D:p(ply=y.
seK.a,beK.aps.bps.peFs:n.pavb)=(pa)v(ebd)
seK.peF‘s:D.pA=A.
seK.a,beK.bps.anb.9eFs:pD.papnob.
seK.a,beK.ans.bns.peF's:n.p{ad)n(pa)(ed).
Sit a quaedam classis; tunc @ n K, sive K naq, sive Ka, classes
omnes indicat formae @ ~ x, sive zna, a, ubi o est classis quae-
cumque; scilicet K ¢ indicat classes quae in a continentur. Formula
x € K g idem significat quod x e K.z D a. Hac conventione quan-
doque utimur; ita K N significat numerorum classem.
Similiter, si a st classis, K va indicat classes quae a continent.
Sit @ numerus; tunc a -+ N, sive N -} a, numeros indicat nwmero
a maiores; a X N, sive N X a, sive Na indicat multéiplices nu-
meri a; a¥ indicat pofestates numeri a; N2, N5,... indicant numeros
quadratos, vel numeros cubos, ete.

Functionum signorum aequalitatem, productum, potestates, ita
definire licet:
Def. SeK.QueF's:n o=y :=—:Xes.D.0L=yax.
Def. seK.peF's.yeFops.zxes:D.yopw=y(px).
Itaque, in definitionis hypothesi, erit y @ novum functionis prae-
signum; idque productwm signorum y et @ vocatur.
Similiterque, si @, y sunt functionis postsigna.
Haec valet propositio:
SEK.peF'5.98DS:D:Q90S8DS. 0@ PsDS.etc.
Functiones @ @, 9 @ ,... #eralae vocantur, et communiter signis
% @3,... indicantur, ut operationis @ potestates.
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Si vero @ est functionis postsignum, hac faciliori notatione, absque
ambiguitate, uti licet:

Def. seK.9es’F.s9D8:D:91=0.92=099.9p 3 =099p.etc.

In definitionis hypothesi, si m, 7 € N, erit @ (m+n)=(pm) (pn);
(pm)n=o(mn). :

Si hac definitione in Arithmetica utimur, haec invenimus. Nu-
merum qui sequitur numerum a signo faciliori @ -} indicare pos-
sumus; tunc @+ 1,2+ 2,... et, si b est numerus, @b, sensum
habent a +, @ 4+ +,... quod a definitione in § 1 patet. Propositionem 6
in § 1 scribere possumus N4 pN. Si @, b, ¢ sunt numeri, tunc
a:+4b.c significat a4 be, et a: X b.c significat a be.

Multis aliis proprietatibus gaudent functionum signa, praesertim
si conditioni satisfaciunt: ¢ x i’-‘q; ¥ .D .2 =y. Functionis signum
quod huic conditioni satisfacit vocatur a clarissimo Dedekind sémile
(ahnlich Abbildung).

Sed his exponendis locus deest.

Declarationes.

Definttio, vel breviter Def. est propositio formam habens x —a,
sive ap .2 =a, ubi a est signorum aggregatus sensum habens notum ;
@ est signum, vel signorum aggregatus significatione adhuc carens;
a vero est conditio sub qua definitio datur.

Theorema, (Theor. vel Th) est propositio quae demonstratur. Si
theorema formam habet appB, ubi a et B sunt propositiones, tunc
a dicitur Hypothesis (Hyp. vel breviter Hp.), B vero Thesis (Thes.
vel Ts.). Hyp. ac Ts. a Theorematis forma pendent; nam si loco
a)B scribemus —Bp—a, erit— g Hp, et — aTs.; si vero scribemus
a = 8=/, Hp. ac Ts. absunt.

In quolibet § signum P quod quidam numerus sequatur, propo-
sitionem indicat eiusdem § hoc numero signatam. Logicae proposi-
tiones indicantur signo L et propositionis numero.

Formulae quae in una linea non continentur, in altera linea, nullo
interposito signo, sequuntur. '




ARITHMETICES PRINCIPIA.

§ 1. De numeris et de additione.

Eaxplicationes.

Signo N significatur numerus (integer positivus).
» i » unitas.
» a-+t+1i» sequens a, sive a plus 1.
» = » est aequalis. Hoc ut novum signum conside-
randum est, etsi logicae signi figuram habeat.

Axiomata.

ieN.

aeN.p.a=a.

a,b,ceN.p:a=b.=.b=a.
a,beN.p.a=b.b=c:p.a=c.
a=b.beN:p.aeN.

aeN.n.a+1¢eN.
a,beN.p:a=b.=.a+1=0b+1.
eeN.p.a+1-=1.

keK. dek .wxeN.xek:De.x+1€k::n.NDk.

© PSR WN

Definitiones.

10. 2=441;3=241; 4=3+41; ete.

PEANO, Arithmetices principia. 1



Theoremala.

1. 2¢eN.

Demonstratio:

Pi.p: 1eN (1)
i[a](P6).D: 1eN.p.141eN )
1)®R).n: 1+1eN (3)
P10.p: =1+1 (4)
4.03).2%,1+1)[a,b](P5):D: 2eN (Theorema).

Nola. — Huius facillimae demonstrationis gradus omnes explicite

scripsimus. Brevitatis causa ipsam ita scribemus:

P1.1[a](P6):p:1+1€eN.P10.(2,1+1)[a,b](P5):p:Th.

vel

P1.P6:D:14+1eN.P10.P5:p: Th.
12. 3, 4,...€ N.
13. a,b,c,deN.a=b.b=c.c=d:Dp:a=d.
Dem. Hyp.P4:n:a,c,deN.a—=c.c=d.P4:n:Thes.
14. a,b,ceN.a=b.b=c.a——=cC:=A. '
Dem. P4.L39:n.Theor.
15. a,b,ceN.a=b.b==c:p.a—-=c.
16. a,beN.a=b:p.a+1=0b+41.
16'. @a,beN.a4t+1=b41:p.a=0d.
Dem. PT7=(P16)(P 16').
17. a,beN.p:ga—=b.=.a+1-=0+41.
Dem. PT.L21:p.Theor.

Definitio.
18. a,beN.D.at+ O+ 1)=(a+b)+1.

Nota. — Hanc definitionem ita legere oportet: si a et b sunt
numeri, et (@ + b) + 1 sensum habet (scilicet si @ + b est numerus),
sed a 4 (b+ 1) nondum definitus est, tunc a 4 (b 4 {) significat -

numerum qui @ -+ b sequitur.
Ab hac definitione, et a praecedentibus deducitur:
aeN.p.a+2=a+(1+1)=(@+1)+1.
aeN.p.a+3=a+R+1)=(a-+2)+1,etc.




19.

Theoremadta.

a,beN.p.a+beN.
aeN.P6:D:a+1eN:p:de[be]Ts. 1)
aeN.[)::beN.be[bé]Ts:g:a+beN.P6:3 :(a+0b)+
1eN.P18:p:a+ (0 +1)eN:D:(0+1)e[be|Ts. (2
aeN.(1).(2).0::1€[be] Ts..beN.be[be] Ts:n:b-+ 1€[be]
Ts..([be] Ts) [k]P9::D:Np[be] Ts.(L50)::p:beN.D
Ts. 3)
(3).(L42):D:a,beN.D. Thesis. (Theor.).

20. Def.a+b-+c=(a-+b)+c.

21.
22.

Dem.

Dem.

24.

24"

a,b,ceN.p.a+b-+ceN.
a,b,ceN.p:a=b.—.a+c=b+c.

" @,beN.P7:p.1¢[ce]Ts. (1)

a,beN.p::ceN.ce[ce]Ts..p. .a=b.=.a+c=b-+}c:
a+c,b+ceN:at+c=b+c.=.a+c+1=b+c+
i.pra=b.=. a+(c+1)=b+(c+ 1) .0 (c+1)

e[ce] Ts. ®)
u,beN.(1).(®):D::1¢e[ce] Ts- ce[ce]Ts D.(c+1)e[ce]
Ts::p::ceN.p.Ts. . 3)
(3) p Theor.
a,b,ceN.p.a+(b+c)=a-+b+c
a,beN.P18.P20:p.1¢[ce] Ts. (1)

a,beN.p..ceN.ce[ce] Ts:p:a + (b+c)=a-+db+c.
Pl:p:a+W+c)+1=a+b+c+1.P18:p:a+
O+ Cc+1)=a+td+c+1):D:c+1e[ce]Ts. (2)

1)) (P9).D.Theor.

aeN.p.1+a=a+1.

P2.p.1€e|ae]Ts. (1)
aeN.ae[ae]Ts:p:1+a=a+1:D:14 (@+1)=(a+
1) +1:p:(@+1)e[ae] Ts. )

1)(2).p. Theor.
a,beN.p.1+a+b=a-+1+0.
Hyp.P24:p:1+a=a-+1.P22:D. Thesis.
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a,beN.p.at+b=0b+}a.

aeN.P24:0p:1¢e[be]Ts. (1y

aeN.p..beN.be[be]Ts:p:a+b=b+a.P7:n:(a+
H+i=0+a)+1.a+d)+i=a+ 0 +1.0+
a)+1=1+0+a).1+(b+a)y=1+b)+a.(1+0)
+a=0@+1)+a:p:a+0+1) =0+ 1)+ a:0:(®
+1)e[be] Ts. @)

(1) (®).p . Theor.

a,b,ceN.p:a=b.=.c+a=c-+0

a,b,ceN.p:a+b+c=a-+c+0

a,b,c,deN.a=b.c=d:p.a-tc=b-}ad.

§ 2. De subtractione.

Ezxplicationes.

Signum — legitur ménus.

»

»

S

< » est minor.
> » est maior.

Definitiones.
a,beN.D:b—a=N[we] (x+a=0).
a,beN.D:a<b.—=.b—a—-—=—A\.
a,beN.D:b>a.=.a<b.
at+b—c=(@a+b)—c;a—b+c=(@—b)+c;a—b—

c=(@—0b)—ec.

Theoremalta.
a,ba,beN.a=a .b=0b:D:b—a=0b —a'.
Hyp.p:x+a=b.=.x+a ="b :p.Thesis.
a,beN.D:a<b.=.b—aeN.
a,beN:D .2, Yyeb—a.Dzy: 2, ¥eN. o+ a=b.y4+a—=
b.§1P22:n:x=y. 1)
a,beN.a<b.P2.(1):p.b—a—-=pA:x,yeb—a.n.x
=y:(N,b—a)[s, k] (L56)..0..b —aeN. (2)




10.

11.

12.

13.

14.

15.

16.

17.

18.
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a,beN.b—aeN.(L56):D:b—a—-=4A:D:a<b. (3)

(2)(3).D . Theor.

a,beN.a<b:p.b—a-+t+a=>b.

Hyp.P5.P1:p:b—aeN.(b —a)e[ze|](@x+a=0b):D:
Thes.

a,bceN.p:c=b—a.=.c+a=b.

Hyp.§1P22.P6:n:c=b—a.=.c+a=b—ata.=
.c+a=b.

a,beN.p.a+b—a=>b.

(@a+0b,b)[b,c]P7.D.Theor.

a,b,ceN.a<b:p:c+®W—a)=c+b—a.

Hyp.P6:p:(b —a)+a=0b:p:c+(b—a)+a=c+Db.
P 7:p: Thesis.

a,b,ceN.a>b+c:p.a—(b+c)=a—b—c.

a,bceN.b>c.a>b—c:p.a—(O0—c)=a-+c—b.

a,ba,beN.a=a .b=b:p:a<b.=.a <V

Hyp.Dp.b—a=0V —a' .0.b—aeN=0—a'eN.p.Thes.

a,beN.p.a<a-0d.

Hyp.P8:p:a+b—a=0b:pD.at+b—aeN.P5:p:
Thesis.

a,b,ceN.a<b.b<c:p.a<ec.

Hyp.p:b—aeN.c—beN:p:(b—a)+(c—b)eN:n:c
—aeN:p. Thesis.

a,b,ceN.p:a<b.—.at+c<b+ec

Hyp.p:a<b.=.b—aeN.=.(0+c)—(a+c)eN.=.
at+c<b+ec

aba,beN.a<b.a <b:p.at+a<db+v.

Hyp.p:a-+da <b4a' .b+a <b-+4V:p.Thesis.

a,bceN.a<b<c:p.c—a>c—b.

Hyp.p.b—aeN.c—beN.(c—b)+(®—a)=c—a:D.
Thesis.

aeN.p:a=1.v.a>1.

1 € [a €] Thesis. 1)

aeN.P13:p:a+1>1:p:a+1¢€|ac] Thesis. )

(1)(2).D . Theor.
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19. a,beN.p.a+b-=>.

Dem. aeN.§1P8:p:a+1—=1:p:1¢€[be€] Thesis. 1)
aeN.beN.be[be]Ts:p:a+b~=0b.8§1P17:D:a 4+
+1)==b+1:D:b+1€[be] Ts. )

(1)(2).p. Theor.
20. a,beN.a<b.a=b:=\.
Dem. Hyp:p:b—aeN.(b—a)dta=a.P19:p:4.
21. a,beN.a>b.a=b:=A\.
22. a,beN.a>b.a<b:=A\.
23. a,beN:p:a<b.v.a=b.v.a>b.

Dem. aeN.P18:p.1€[be|Ts. (1)
a,beN.a<b:p.a<bd-+1. )
a,beN.a=b:p.a<b-+1. 3)
a,beN.a>b:p:a—beN.P1B:D:a—-b=1.v.a—D>

> 1. (4)
a,beN.a—b=1:p.a=>b+1. 5)
a,beN.a—b>1:p.a>b+1. (6)

a,beN.a>b.(9)(5)6):p:a=b+1.v.a>b+1. (7)
a,beN:a<b.v.a=b.v.a>b:RQ3)(N..p-.a<b+1

w.a=b+4+1.v.a>b+1. (8)
a,beN.be[be]Ts.(8):n:b+1€[be] Ts. (9)
(1)(9). D . Theor.

§ 3. De maximis et minimis.

Eaxplicationes.

Sit e K N, hoc est sit a quaedam numerorum classis; tunc Ma
legatur maximus inler a, et Wa legatur miénimus tnter a.

Definitiones.

1. aeKN.p:Ma=[ze|(xea. .a.3 >ax:=))
2. acKN.D. Wae=[ze|(@ea. .a.3 <xz:=4)
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Theoremadla.

neN.aeKN.gag==p.a3>n=pA:pD.MaceN.
aeKN.a==pA.a3>1=,: o a=1:p.Ma=1:p.M

aeN. 1)
(1)D:1e[ne] (Hpp Ts). ()
neN.aeKN.as>>n+t+1=p.n+1ea:p:n+1=Ma

:p:MaeN. - 3)
neN.aeKN.asy>nt+1i=p.n+14—-¢€ca:p:a3s>n

=A. 4)
ne[ne|(HpnTs).aeKN.a3>n+1=p.n+1-¢ca:

D:MaeN. (®)
ne[ne](HppTs).aeKN.a3>n+1=4.08)(5):D:Ma

eN. )
ne[ne](HppTs).(6):0.(n+ 1) e[ne] (HppTs) 7
(®)(7).84P9:n:neN.p.HpnTs. (Theor.)

aeKN.a—=4A:D.NaeN.
aeKN.D:Na=M[we](@d3<xz=))

§ 4. De multiplicatione.

Definitiones.

aeN.p.aX1=a.
a,beN.p.aX(b4+1)=aXb+ta.
ab=a X b;ab -+ c=(ab) -+ c; abc = (ab) c.

Theoremala. .
a,beN.p.abeN.
aeN.Pi:p:aXX1eN:p.1€[be]Ts. (1)
a,beN.be[be]Ts:p:aXbeN.§1P19:p:ab+aeN.
Pi:p:a(d+1)eN:p: b+1e[be]Ts ®

(1) (2).n . Theor.
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a,b,ceN.p.(a+bd)c=ac-+ be.

Nota. Haec est prop. 5* EucLipis elem. libri VII.

Dem.

10.

11.

12.

13.
14.
15.

a,beN.P1:p:1e[ce] Ts. ()

a,b,ceN.ce[ce]Ts:p:(@+bc=actbc.§1P22:D:(a
+b)ct+a+t+b=ac+bc+a+b.P2:p:(a+b)(c+
f)=a(c+1)+fbc+1):p:c+1€[ce]Ts. - ®

(1) (®).p . Theor.

aeN.p.1 Xa=na.

1ef[ae] Ts. 1)
aelae]Ts.p.1Xa=a.p.1 Xa+1=a+4+1.9.1 X (a
+1)=a+1.p.a+1e[ae]Ts. (2)

(1) (2).p . Theor.

a,beN.np.bata=0+1)a.

a,beN.p.ab=hba. (EucL. VII, 16)

aeN.P5.P1:p.aX1=a=1Xa:p:1e[be]Ts. (1)

a,beN.be[be]Ts:p:ab=0ba:D:ab+a=ba+a.P1.P6
:ntab+1)=@0b+1)a:p:b+41€e[be] Ts. (2)

(1) (2).p . Theor.

a,b,ceN.p.a(b+c)=ab+ ac.

P4.P7:0n. Theor.

a,b,ceN.a=b:n:ac=bc.

a,beN.a=b::p::1e[ce]Ts..ce[ce]Ts.p:ac=bc.a=
b:p:ac+a=0bc+b:p:ac+1)=bc+1):p:c+1
e[ce]Ts::n:ceN.p.Ts.

a,b,ceN.a<b:p.(b—a)c=>0bc— ac. (EucL. VII, 7)

Hyp.p:b—aeN.(b—a)+a=b:p:(b—a)c+ac=bc
:n:(b—a)c=bc—ac.

a,bceN.a<b:p:ac <bc.

Hyp.D:b—aeN.P3:D:(b—a)ceN.P10:p:bc—aceN
:p Thesis.

a,bceN.p.a<b.—m.ac< bc:a=b.=.ac=bc:a>"b
.=.ac > bc.

aba,bVeN.a<a .b<b:n:ab<ald.

a,beN:p.ab.>v=.a.

a,b,ceN.Dp.a(bc)=abc.
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a,beN.P1:p:1e[ce]Ts. ' 1)
a,b,ceN.ce[ce]Ts:p:a(bc)=abc:D:a(bc)+ab=abc
+ab:p:a(c+b)=ab(c+1):n:a(c+1)=ab(c+
1):p:c+1e[ce] Ts. )
(1) (2) .. Theor.

§ 5. De potestatibus.

Definiliones.
aeN.p.at=a.
a,beN.p.a*+t=ab a.

Theoremata.
a,beN.p.a’eN.
aeN.Pi1:p.1€e[be]Ts. 1)
a,beN.be[be]Ts:p:a*eN.§4P38:p:ataeN.P1:D:
ab+'eN:p:b+1€[be]Ts. ®?)

(1)(®).D . Theor.

aeN.p. 16 =1,

a,b,ceN.D.ab+?=aba°.

a,b,ceN.p.(aby =ac b°.

a,b,ceN.D.(a%F =ad".

a,bceN.Da<b.—=.a <V:a=b.=—=.ac=b:a>Db
=.act > b

a,bceN.a>1.p-.b<c.=.a*<a*:b=c.=.a=ac:
b>c.=.a®*>a".

§ 6. De divisione.

Explicationes.

Signum [ legatur dévisus per.

D »  dwidit, sive est divisor.
a » est multiplex.

Np » numerus primus.

T »  est primus cum.
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8. a,b,a,beN.a=a .b=V:p.a/b=da|V.

9. a,bad,VeN.a=a'.b=0:n:aDb.=.a' DV
10. a,b,ceN.n:ac=b.=.c=bd]/a.

11.. a,beN.p:aDb.—=.b[aceN.

12. aeN.p.a/l=a.

13. aeN.p.aja=1.

14. aeN.np.1Da.

15. aeN.p.aDa.

16. a,beN.ab[/b=a.

17. a,beN.aDb:p.a(b/a)=0.

18. a,b,ceN.cDb:p.a(b/c)=ab]|c.

19. a,b,ceN.aqbc:p:a/(bc)=a/b]c.

20. a,bceN.agb.bge:p.a/®/c)=a[bXec.
21. ammneN.m>n:p.anfar=aqmn—"n,

22. abeN.p.aDab.

23. a,b,ceN.aDb.bDc:p.aDe.

24, a,b,ceN.aDbDc:p.cfaqc/b.

25. a,b,ceN.cDa.cDb:py.(a+b)/c=alc+Db]ec.
26. a,bceN.cDa.cDb.a>b:np:(a—b)/c=afc—Db]c.
217. a,b,ceN.cDa.cDb:p.cba-+b.

28.

- 10 —

Definitiones.

a,beN.D:b/a=N][x¢€] (xa=D»).
a,beN.D:aDb.=.b|a—=A].
a,beN.p:bqa.=.aDbd.
Np=N[ze](3Dx.3>1.3 <x:==4).

a,beN.p.-.3D(@,b):=:3Da.n.3Db.
a,beN.p..a3q(a,b):=:3qa.n.3qb.
ablc = (ab)/c; albjc = (a[b)/c ; alb X ¢ = (a[b) c.

Theoremata.

Nota. Haec theoremata ut in subtractione demonstrantur.

a,b,ceN.cDa.cDb.a>b:p.cDa—h.

. . . . e a—
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32.

35.

36.

317.
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a,b,c,m,meN.cDa.cDb:p.cDma-+ nbd.

a,b,eccmneN.cDa.cDb.ma>nb:9n.cDma—nb.

a,beN.aDb:p:a.<v=.0.

Hyp.P11.P17.84P14:):b/aeN.a(b/a)=b.a<<v=
a(b/a):p.Thesis.

a,beN.aDb.bDa:p.a=hb.

aeN.p.M3Da=a.

a,beN.a>b:9.3D(a,b)=3D(b,a —D).

Hyp.P28:p..xDa.xDb:p:xDb.2D(a—D>) (1)
Hyp.P27:p. . 2oDb.2D@—0b):D:xDb.2xD(b+(a—Db))
:n:xeDb.xDa. )

(1) )p:Hyp.D.xDa.x Db:=:xDb.xD(a—Db). (Theor.)
a,beN.pD:M3D(a,b)eN.

1{iDa.1Db:n:3D(a,b)— = A. (1)
3D(a,b) .3 >a:=A\. )
1)().§3P3:p.Th.
a,beN.p.3D(a,b) =3DM3D(a,b) (EucL. VII, 2)
k=N|ce]Hp.a<c.b<c:pn.Ts.) 1)
aeN.beN.a<1.b<1:=A\. (2)
4)®R)-n.1€k. 3
a,beN.a<c+1.b<c+1:pra<c.b<c:v:ia=c.
b<c:v:ia<c.b=c:v:ia=c.b=c. 4)
cek.a,beN.a<c.b<c:p:Ts. ®)

cek.a,beN.a=c.b<c:p:cek.b<c.a—b<c.3D
(@, b)=3D(b,a—10b):D:2D(b,a—b)=3DM>D(b,a—0b)
:n:3D(a,b)=3DM>3D(a,b):p:Ts. (6)
(@, b)[b,a](B)D.cek.a,beN.a<c.b=c:D:Ts. 4]
cek.a,beN.a=c.b=c:D:3D(a,b)—=3Dc=3DM3D¢c

=3DM3D(a,b):n:Ts. 8)
4)5)(6)("(B).n.cek.a,beN.a<cH1.b<c+1:n:Ts. (9)
9)p.cek.n.(c+1)ek. (10)
(1)(10).p~.ceN.Hp.a<c.b<c:p:Ts. (11)
(@a+0b)[c](11).p:Hp.p.Ts. (Theor.)

a,b,meN.p.M>3D(am,dbm)=m X M3 D (a, ).
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§ 7. Theoremata varia.

1. a,beN.a*+ b2 q7:D:aq7.0q7.

2. zeN.p.v(@x+1)q2.

3. zeN.p.x(x+1)(@+2)q6.

4. zeN.p.w(x+1)Rx+1)qé6.

5. zeN.D:x.w. v+ 1.

6. xeN.p:2x—1.m. 204 1.

1. zeN.p.RQr+1)*—1q8.

8. aeN.a>1:p: .Np.3>1.3Da:==). (Eucr. VI, 31)
9. a,beN-bW*>a.-.3Da.3>1.3<b:=p::p.aeNp.
10. a,beN.aeNp.a=Db:pn:anb. ' (Eucw. VII, 29)
1. a,bceN.aDbc.anb:p.aDc. !
12. a,beN.m=M>3D(a,b):D:a/m.n.b|m.

13. aeNp.b,ceN.aDbc:p:aDb.v.aDc. (EucL. VII, 30)
14. aeNp.b,neN:p:aD".=.aDbd. (EucL. IX, 12)
- 15. a,b,ceN.anb.cDa:p:cmb. (EucL. VII, 23)
6. a,b,ceN.p.:.anb.anc:=:anbc. (EucL. VII, 24)
17. a,b,ceN.bnc.bDa.cDa:g.bcDa.

18. a,b,ceN.anb:p:3D(ac,b)=3D(c,b).

19. a,beN.gp.Waa(a,b)eN.

20. a,beN.D.W3a(a,b)=ab/M3D(a,b). (EucL. VII, 34)
21. a,bceN.cqa.cqb:p:can3D(e,b). (EucL. VII, 35)
22, zeN.x <41:p.44 —a -+ 2 e Np.

23. M.Np:=A}. (EucL. IX, 20)
24. mneNp.aeN.a—-qn:p.a*'—1iqn. (FERMAT)

§ 8. Numerorum rationes.

Explicationes.

Si p,q €N, tunc %legitur ratio numeri p numero .

Signum R legitur duorum numerorum ratio, et indicat numeros
rationales positivos.



Dem.

10.

11.

12.
12,
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Definitiones.
m,p,qeN.D.m g_mp/q.
P4, 7, eN.p:: % Iqi,' mequ,w’i’eNgz
k.

=:[we] .'.p,qu.gzw:——_—.A.
peN.o.?i—zp.

Theoremata.

’

pop deNo:l=F = py=pq  (EocL vIL 19)

q
'

Hp-%=§.:o-°-qq’,qq' 90 P eN.P2:.D . qg -qq";—,

-qq’a’ =pq' QQ'Z:—PQ .0 0¢ =pq. (1)
Hp.pg' =p'q .-.o.-.a:eN.wz,w’qf,eN:o,:wp'q':wp’q:o

. 14 e r Pomem®P — 1_9_'

.(wq)qq _(zc q,) qQq .Q.mq_wq,. )
(1)2).p.Th. A
m, p,qu.g.2=%. (Euct. VII, 17)

_p/m

p,geN.meN. mDp . mDq:D. 2 =g/m

p,q,p,d eN.png.p'nq'. ’ql, D:ip=p.q=q.
0:p

e, deN.png. :4 [p=¢[q=M3D(p,q).
»an, q’eN.p 'ql prg.q <q:= (EucL. VII, 21)
P p_4q q9__¢
X _=_ =.2_-2 — 2_2 (gy.VII,13
p,9,p,9d eN:D: PRl e Rt (Eu )
p,geN.p::[me]:meN. m‘—; eN...—=A\.

aeR.p::[mel:meN.maeN..—=\.
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13'.

14.

15.

16.
17.

18.

19.
20.

21.

23.

24.

26.
27.
28.

29.
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! .o . 8 .
pap,d eN.p:|(rns el steN. L =7. 5 =0 -
:A.
a,beR.g::[(r,s,t)e]:r,s,teN.a:%.b:% —-—=A
a,b,ceR.[)::[(m,n,p,q)e]:m,n,p,q'eN.a:%'.b:%.c
—P ..
=7 A
p,q,reN.a.—_-fi.b:%:o:a:b.:.p:q.
meN.a,beR.a=b.maeN:p.mbeN.
a,bceR.p..a=a.
nsa=b.=.b=a.
Ds.a=b.b=c:p.a=c.
NoR.
Definitiones.
a,beR.pta<b.= .xeN.xa,xbeN:Dp.xza < xb.

a,beR.D:0>a.=.a<bd

Theoremala.

2,

pgreN.a=2 :1-o-a<b.:.p<q.

0497, quo~ =.pq' <pq.

P, 9 reN.a=—-.b=

11
ql
z: =.p>q
q -
iD.=

——<

’ !
»,¢,0,¢€eN. 7

aceR.p " R.3>a:=-=
aeR.p . R.3a<a:—=\.
a,beR.a<b:p .R.3>a.3<b:==A}.
a,beR:Da<b.a=b:=\.
Ds.a>b.a=b:—=A\.
naa<b.a>b:=p.
Nsa=<b.a==b.a=>b:=\.
a,bceR:pra<v=b.0<c:p:a<ec.
9.-.a§b.b<u=c:o:a<c.

r
p
p_7.
¢ <q

pa<b
b pt+y 0
q 7
A-




30.

31.
32.

33.

34.
35.
36.
31.

39.
40.
41.
42.
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Definitiones.

a,beR.p.at+b=[ce|](ceR..xeN.va,xd,xceN : Da
xa + xb = xc).

a,beR.p:tb—a:=..|ve]@eR.a+2=0).

a,beR.p.ab=|ce](ceR . .weN.xa, (za), vceN : D
(xa) b =xc).

a,beR.D.b[/a=[xe](xeR.ax=D).

Theoremata.

p,q,reN.o.i—”—}—%:@.

a,beR.p.a+beR. .
P,q,f‘EN-p<q:[).%—£=q—p,

r r

a,beR.a<b:p.b—acRh.

0.0 ¢ eN.n. 2B PP
p,a,p,¢eN.D 47 a7

a,beR.n.abeR.

4, P,q' eN. 2 ’—’::.ﬂ
»,9,0,q¢ oq/q, 74

a,beR.nD.b/acR.
p,qu.o.%:p[q.

§ 9. Rationalium systemata. Irrationales.

Explicatio.

Si @ ¢ KR, signum T a legitur lerminus summus, vel limes sum-
mus classis . Supra hoc novum ens relationes ac operationes
tantum defipimus.

Definitiones.
aeKR.xeR:puiwx<Ta.=: .a.3>x:==A\.
aceKR.zeR:p:ix=Ta.=:-:a.3>x:=p:ueR.u

<XiDu B> UI===A.

aeKR.zeR:p.x>Ta.—m:x=-<Ta.rxr-—=Ta.
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_ Theorema.
4. rzeR.piix=r.T:R.3< .

Eaxplicatio.

Signum Q legitur quantitas, numerosque indicat reales positivos,
rationales aut irrationales, 0 et co exceptis.

Definitiones.
5. Q=[ze](@aeKR:a==A:R3>Ta.-=p:Ta==x ..
-=A)
8. a,beQ.npita=b.= . R.3<a:=:R.3<b.
7. a,beQ.nta<b. = R.3>a.3<b:==).
8. a,beQ.n:b>a.=.a<b.
Theoremata.
9. aeQ.pR.a<a:—=A\.
10. aeQ.p R.3>a:==\).

11. RpQ.
Subsistunt quoque propositiones quae a P 17, 28, 29 in § 8 obti-
nentur, si loco R legatur Q.

Definitiones.
12. a,beQ.p.a+b="T[ze](((x, v)e]: v, yeR.x<a.y<b
XF Y=z .==4)
13. 2,0eQ.p.ab=T[z€]([(x,¥) €| : 2z, yeR.x < a.y<b.wy

=Z. . ==Qp)
Ut valeant hae definitiones, demonstrandum est subsistere pro-
positiones 12 et 13, si a,beR. '
Subtractionem et divisionem ut operationes inversas additionis et
multiplicationis definire licet, illarumque proprietates demonstrare.

§ 10. Quantitatum systemata.

Explicationes.

Si aeK Q,signa Ia, Ea, La leguntur: énterior, exterior, limes
classis a. '




Dem.

Dem.
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Definitiones.

aeKQ.p.Ia=Q[we]([(w,v)e] iuveQru<z<wv..
ISU.IVIDIAII==A)

2eKQ.n.Ea=I(-a)

aeKQ.p.La=(~Ia)(-Ea)

Theorematla.

aeKQ.z,u,veQ.u<< o <v.3>u.3<v:na):n.xrela.

aeKQ.zela:n:[(w,v)e] w,veQ . u<xe<v..3>u.
3K VIDIa)==A. '

P1=(P4)(P5)

aeKQ.%,veQ.0>u.3<v:pa)..p.-.3>u.3<v:pla.

P6=P4.

aeKQ.p.Iana.

aeKQ.n.lla=1Ia.

Hp.(Ia)[a]PT7:p.1lap1a. (1)
Hp.x,u,veQ.u<<2x<v.@2>u.3<v:pa).P6:n:uv

eQuu<<ae<<v.(d>u.3<v:pla) 2
Hp.xela.@@):p:wella. ®3)
Hp.(3):p:Iaplla. (4)
Hp.(1).(4):p:Ts. (Theor.)

a,beKQ.anpb:p.Ianlb.

Hp.z,u,veQ.u<x<v.0>u.3<0v:Da):n..» >u.
I<v:nb. ' @)

Hp.xela:p:xeld. (Theor.)

a,beKQ:p:I(ab)pla.

(ab,a) [a,b] P9 .=.P 10.

a,beKQ.n.I(ab)p (La) (D).

P11=:P10.n.(},a) [a, b] P 10.

a,beKQ.np.IanpI(avd).

a,beKQ.p.IaviIbpI(avd).

a,beKQ.p.I(ab) =(Ia) (Ib).

Hp.P11:p.I(ab)n (Ta) (Ib). 1)

PeANo, Arithmetices principia. 2
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18.

Dem.

19.
20.

21.
22.
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Hp.zeQ.u,veQ.u<x<v.(3>u.3<v:pa).u,veQ
W< e<V.0>u . 3<V:Db) . Uw=M(uvu'). 0=

NEOV):p:uw'\v"eQu' <z <. O>u".2>v":p

: ab). ®)
Hp.zela.xelb.(2):D.2 ¢ I(ab). - ®
Hp. (3):p: (Ia) (Ib) p I (ab). 4)

Hp.(1).(4):D.Ts.
aeKQ.p.Eap=-a.
P15=(-a)[a]PT".
aeKQ.np. . Ia.Ea:=,.
Hp.P7.P15:p..Ta.Ea:D:a—a: = .
aeKQ.p.IEa—Ea.
P17=(-a)[a]P8.
a,beKQ.bnpa:n.EankEb.

P18 =(-~a,~b)[a,b] P 9.
a,beKQ.D:EavEb.DE(ab).
a2,beKQ.n.E(avb)=(Ea) (Fd).
P20=(-a,-0)[a,b] P 14.
aeKQ.n.L(—a)=La.
aceKQ.np..Ia.La:=\.

D-.Ea.La:=\.
) Do=Ia.—Ea.=La:=\.
P22=P3.

aeKQ.np:ap.lavlkla.

aeKQ.n.I(aLa)=\.

Hp.P14.P7.P22:p:I(aLa).=.IalLa.p.IaLa.=.).

a,beKQ.anpb:p:La.p.IbuvLb.

Hp.P18:n:EbpEa:n:IavLla.p.TbuLb:n.Ts.

a,beKQ.n:L(ab)p.IaLbuIbLavLalb.

Hp.p:abpa.abpb.P25:p:L(ab)plavLa.L(ab)pId
vLb:p:L(ab)p(avLa)(IbuLd).L(ab)(Ia)(Id) =
L(ab)I(ab)=A:D:Ts.

a,beKQ.np.L(ab)pLavlb.

a,beKQ.np:L(@avbd)=LuEboLbEquLalLb.

P27 =(-a,-b)|a,b] P 26.
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30.
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a,beKQ.p:L(avb)pLavLb.
aeKQ.n.LIapLa.
Hp.P7:p:Tapa.P25:p:LIaplaviLa. 1)
Hp.P8.P22:p.LIala=LIglla—,. )
(1) (2).p . Theor.

aeKQ.np.LEBapLa.

aeKQ.p.LLapLIauvLEa.
Hp.p:LLa=L(IauvEa).P27:p.Ts.
aeKQ.p.LLapLa.

P29.P28.P28 :p.Theor.

aeKQ.p.La=ILagulLLa.

Hp.P23:p.LapILac¢LLa. 1)
Hp.P7:p.I1LapLa. 2
Hp.P29':p.LLapLa. 3

1)(@)(3).p . Theor.

aeKQ.n.LILapLLa.

P31 =(La)[a]P28.

aeKQ.np.ILLa=.
Hp.P20':p:LLa=LalLa.(La)[a]P24:)Ts.
aeKQ.p:ILILa=.

P31.P32:p.P33.

aeKQ.p.LLLa=LLa.
(La)[a]P30.P32:n. Theor.
a,beKQ.n.IaLbpL(abd).

Hp.P14:p.IaLbI(ab)=TalbLb=—. 1)
Hp.P2.P14:D.1aLbE(ad)=IaLbl(—av=0)=1I(a
=b)Lb=IaEbLb=4p. - )
(1) (2) » Theor.
a,beKQ.p.IaLbuvlbLapLab. (Vide P 26)
P36=:P35. (b, a) [a, b] P 35.
a,0eKQ.nD.EaLbuvEbLapL(avb) (Vide P 27)
P37=(-a,—b)[a, b] P 36. _
a,beKQ.p.I(avb)plavibuLalb. (Vide P 13)
Hp.p.I(avb)p(IavLavEag)(IboLbuED). (1)

Hp.P20.P16:p.I(avb)EaEb=I(avb)E(avb)=A. (2)
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Hp.P37:p:I(avb)(EaLbuEbLa).p.I(avd)L(avd).

= ®)
(1)(2)(3).p . Theor.
a,beKQ.D.E(@)pEavEbuLalb. (Vide P 19)

2aeKQ.n.ILaLla=\).
Hp.P36:n:ILaLlIapL(Lala)=\.
aeKQ.p.LIaplLLa.
Hp.P28.P30.P 39:p Theor.
aeKQ.p.LEagpLLa.
aeKQ.n.LLa=LIauvLEa.
P29.P40.P 40 :n.Theor.
aeKQ.np.ILIg=A.
D.ILEa=.
D.LLIga=LIa.
n.LLEa=LEa.
a,beKQ.p . I(lavib)=Iaqulbd.

Hp.P7:p.I1(Tavib)plaulb. ' )
Hp.P8.P13:p:Tavib.=.1llavIld.p.I(Tavlb). (2)
(1) (2) p Theor.

2,beKQ.p.I(LLauLLb)=\.

Hp.P38.P32.P34:n. I(LLauLLb)DLLaLLbQLLa @
Hp.(1).P8:p.I(LLavLLb)pILLa =\.
aeKQ.p.I(IavEg)=1avEa.
P8.P17.(—a)[b] P 43:D. Theor.
aceKQ.np.ELa=IavEa.
aeKQ.n.Ela=~=(IavLIa).
2€eKQ.p.EEa==(EavLEa)

- e e — ——
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39.

40.

40'.
41.

Dem.

42,

43.

44.

Dem.

45.

45'.
46.
46'.
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Hp.P37:p:I(avb)(BEaLbuvEbLa).p.I(avb)lL(avd).

._—._A. (3)
1)(®)(3).D . Theor.
a,0eKQ.9.BE(@)pEavEbuLalLb. (Vide P 19)

aeKQ.n.ILaLla=.
Hp.P36:p:ILaLIapL(Lala)==\.
aeKQ.p.LIaplLLa.
Hp.P28.P 30.P 39:p Theor.
aeKQ.p.LEapLLa.
aeKQ.n.LLa=LIavLEa.
P20.P40.P 40 :p.Theor.
aeKQ.p.ILIg=\.

D.TLEa=\.

n.LLIg=LIa.

D.LLEa=LEa.
a,beKQ.p.I(Iavib)=Iaulbd.
Hp.P7:p.1(Tavib)plaulbd. ' (1)
Hp.P8.P13:p:Taulb.=.Illavily.pn.I(Tavld). (2)
(1) (2) p Theor.
a,beKQ.p.I(LLguLLb)=.
Hp.P38.P32.P34:p.I(LLavliLb)pLLaLLbpLLa. (1)
Hp.(1).P8:p . I(LLavLLD)DILLa =A\.
aeKQ.p.I(IeavEg)=IavEa.

P8.P17.(—a)[b] P 43:D. Theor.
aeKQ.np.ELa=IquEaq.

aeKQ.p.EIa=~=(IavLIa)
aeKQ.p.EEa==(EavLEaq)
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